We present the existence of kernel sections (which are all compact, invariant and pullback attracting) of an infinite-dimensional general multi-valued process constructed by the set-valued backward extension of multi-valued semiprocesses. Moreover, the structure of the uniform attractors of a family of multi-valued semiprocesses and the uniform forward attraction of kernel sections of a family of general multi-valued processes are investigated. Finally, we explain our abstract results by considering the mixed wave systems with supercritical exponent and ordinary differential equations.
Introduction
Autonomous set-valued dynamical systems and their attractors have been extensively studied in mathematical literature, especially in the recent years (see, for example, [1, 3, 6, 7, 12, 14, 16, 18, 21, 22, 30] and the references cited therein). However, the nonautonomous multi-valued dynamical systems [4, 23] , in particular, the nonautonomous multi-valued semidynamical systems are less well understood. In this present work, we are mainly concerned with the asymptotical behavior of multi-valued semiprocesses.
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First, we give the sufficient conditions for the existence of kernel sections of an infinitedimensional general multi-valued process which is generated by the set-valued backward extension of multi-valued semiprocesses. The existence of kernel sections of (single-valued) processes are well known. Related results can be found in [8] [9] [10] [11] [12] 15, 20, 24, 31, 33, 34] , etc. As far as we know not many results in this line are available in the literature in case of nonautonomous semidynamical systems, even in single-valued case. An important reason, from the point of view of mathematics, may be that the backward extension of the semiprocesses is set-valued in the general sense. Let {T (h) | h ∈ R + } be a continuous semigroup on a Banach space Σ with norm · Σ , and let {U σ (t, τ ) | t τ, τ ∈ R + }, σ ∈ Σ, be a family of multi-valued semiprocesses (MVSP) on a state space X satisfying the following translation identity:
U T (h)σ (t, τ ) = U σ (t + h, τ + h), ∀h 0, t τ, τ 0.
(1.1)
family of single-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , satisfying the translation identity (1.1) and the semigroup {T (h)} satisfying the backward unique property) are described. Whereas, in general, the semigroup satisfies set-valued backward extension property; see [19] . In this case, the general multi-valued processes defined in (1.2) only satisfy the following translation property P T (h)σ (t, τ ) ⊃ P σ (t + h, τ + h), ∀h 0, t τ, τ < 0.
This will lead to a more complicated description of the structure of the uniform attractors. Here we will prove that the multi-valued skew product flow {F (t)} t∈R +
F (t)(x, σ ) = U σ (t, 0)x, T (t)σ , ∀t 0, (x,σ) ∈ X × Σ,
which is norm-to-weak upper-semicontinuous on X × Σ , corresponding to the family of MVSPs {U σ (t, τ )}, σ ∈ Σ, possesses a unique compact attractor A which is invariant (F (t)A = A for all t 0), and that 
where Σ is a bounded Banach space with norm · Σ , and K σ (0) is the section at t = 0 of the kernel K σ of the GMVP {P σ (t, τ )} with σ ∈ ω(Σ). Furthermore, we consider the family of inflated kernel sections {K We will show that, for any fixed ε 0 > 0, the family of inflated kernel sections {K
σ (0)}, σ ∈ ω(Σ), uniformly (w.r.t. σ ∈ ω(Σ)) forward attracts each bounded subset B of X, i.e., for any ε > 0, there is a T 1 = T 1 (B, ε) > 0 independent of σ ∈ ω(Σ) such that
T (t)σ (0) < ε, ∀σ ∈ ω(Σ), t T 1 .
As an important case, we consider the family of semiprocesses {U σ (t, τ )}, σ ∈ Σ , which is jointly upper-semicontinuous on Σ × X for any fixed t τ , τ ∈ R + (i.e., if x n → x in X and σ n → σ in Σ , then for any y n ∈ U σ n (t, τ )x n , there exists a y ∈ U σ (t, τ )x, such that y n → y in X as n → ∞). We will prove that the uniform attractor satisfies
where A ω(Σ) is the uniform attractor of the family of general multi-valued processes {P σ (t, τ )}, σ ∈ ω(Σ).
Finally, we apply our abstract results to investigate the mixed wave systems with supercritical exponent and ordinary differential equations. For autonomous wave systems, we refer the reader to [3, 12, 16, 17, [27] [28] [29] . However, there is little reference on nonautonomous wave systems without uniqueness of solutions. As an application of our abstract theory as above, we discuss the mixed wave systems with supercritical exponent and ordinary differential equations, and obtain the existence of kernel sections which is compact, invariant and pullback attracting in
, where D is a smooth bounded domain in R 3 . This paper is organized as follows. In Section 2 we give some preliminary results and definitions and then in Sections 3-5 we state and prove our main results. Finally, in Section 6 we illustrate our main results in Sections 3-5 by studying the mixed wave systems with supercritical exponent and ordinary differential equations.
Preliminaries
Let X be a Banach space with norm · X , let 2 X be the set of all subsets of X, and let Σ be a Banach space with norm 
Definition 2.1. A family of mappings F (t)
: X → 2 X , t ∈ R + , is said to be a (autonomous) multivalued semidynamical system (MVSS in short) if the following axioms hold:
(1) F (0)x = {x}, ∀x ∈ X; (2) F (s)F (t)x = F (s + t)x, ∀s, t ∈ R + , x ∈ X; (3) F (t)x is norm-to-weak upper-semicontinuous in x for fixed t ∈ R + (i.e., if x n → x in X, then for any y n ∈ F (t)x n , there exists a y ∈ F (t)x, such that y n y (weak convergence)).
In evolution equation, this type of multi-valued semidynamical system corresponds to the solution that only satisfies weaker stability, and generally, it is neither upper-semicontinuous (i.e., norm-to-norm) nor weak upper-semicontinuous (i.e., weak-to-weak). But obviously, uppersemicontinuous MVSS and the weak upper-semicontinuous MVSS are both norm-to-weak upper-semicontinuous MVSS. As we know, for some concrete problems, it is difficult to verify that the MVSS is either upper-semicontinuous or weak upper-semicontinuous in stronger normed spaces. However, it follows from the following result that one can easily show that the MVSS is norm-to-weak upper-semicontinuous in stronger normed space.
Let X, Y be two Banach spaces, and X * , Y * be their dual spaces, respectively. We also assume that X is a dense subspace of Y , the injection i : X → Y is continuous and its adjoint i * : Y * → X * is densely injective. Under these assumptions, we have the following result: Proof. Let x n → x in X as n → ∞. We need to check that for any y n ∈ F (t)x n , there exists a y ∈ F (t)x such that for any given x * ∈ X * ,
Since i * : Y * → X * is dense, for any ε > 0 and any x * ∈ X * , there exists y * ε ∈ Y * such that
where K is a constant which satisfies
Note that the MVSS {F (t)} is upper-semicontinuous or weak upper-semicontinuous in Y , for the y * ε given above and any y n ∈ F (t)x n , there exist y ∈ F (t)x and N 0 > 0 such that for any n N 0 ,
Combining (2.2)-(2.4) together, we can conclude that for any n N 0 ,
which means that (2.1) holds true. The proof is finished. 2 Remark 2.3. In concrete problems, we can choose Y to be a larger and weaker topology space, in which the upper semicontinuity of the MVSS can be obtained easily.
Definition 2.4. Let {F (t)} be a multi-valued semidynamical system on X. We say that {F (t)} is (1) dissipative, if there exists a bounded subset U of X so that for any bounded set B ⊂ X, there exists a T 0 = T 0 (B) ∈ R + , such that
(2) ω-limit compact, if for any bounded subset B of X and ε > 0, there exists a
where k is the Kuratowski measure of noncompactness.
Definition 2.5.
A nonempty compact subset A of X is called to be a global attractor for the multi-valued semidynamical system {F (t)}, if it satisfies (1) A is an invariant set, i.e.,
(2) A attracts each bounded subset B of X, i.e.,
, is said to be a multivalued semiprocess (MVSP in short) with σ ∈ Σ if it satisfies:
x is norm-to-weak upper-semicontinuous in x for fixed t τ, τ ∈ R + (i.e., if x n → x in X, then for any y n ∈ U σ (t, τ )x n , there exists a y ∈ U σ (t, τ )x such that y n y (weak convergence)). Definition 2.8. Let {U σ (t, τ )}, σ ∈ Σ, be a family of multi-valued semiprocesses on X. We say that the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , is (1) uniformly dissipative, if for any fixed τ ∈ R + , there exists a bounded subset V of X so that for any bounded set B ⊂ X, there existsτ =τ (B) ∈ R + independent of σ ∈ Σ , such that
(2) uniformly ω-limit compact, if for any fixed τ ∈ R + , every bounded subset B of X and any ε > 0, there exists a t 1 = t 1 (B, τ, ε) ∈ R + which is independent of σ ∈ Σ , such that
Definition 2.9. A compact set μ ⊂ X is called to be a uniform attractor of the family of multivalued semiprocesses {U σ (t, τ )}, σ ∈ Σ , if it satisfies
(1) μ uniformly attracts every bounded subset B of X, i.e., for any fixed τ ∈ R + ,
(2) If there is another compact set A satisfying (1), then μ ⊂ A .
Let k(A) be the Kuratowski measure of noncompactness of A, which is defined by 
Set-valued backward extension of multi-valued semiprocesses
In this section, we construct general multi-valued processes by the set-valued backward extension of multi-valued semiprocesses.
Let Ξ be a subset of Banach space Σ and let {T (h) | h ∈ R + } be a continuous invariant semigroup on Ξ . Let {U σ (t, τ ) | t τ, τ ∈ R + }, σ ∈ Σ , be a family of multi-valued semiprocesses on X. In addition, the translation identity (1.1) is valid for the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ, and for the semigroup {T (h)}.
We first consider the set-valued backward extension of the semidynamical system {T (t) | t ∈ R + }. Note that {T (t) | t ∈ R + } be a invariant semidynamical system on Ξ , i.e., T (t)Ξ = Ξ for all t ∈ R + . So, it is backwards extendable on Ξ but is not necessarily a dynamical system on Ξ because it may not be uniquely backwards extendable. However, we can say that the backward extension defines a set-valued or general semidynamical system backwards in time on the space Ξ . (1) G(t, σ ) is a nonempty closed subset of Ξ for all t 0 and all σ ∈ Ξ ; (2) G(0, σ ) = {σ }, ∀σ ∈ Ξ ; (3) G(s + t, σ ) = G(s, G(t, σ )), ∀s, t 0, σ ∈ Ξ , where 2 Ξ be the set of nonempty subsets of Ξ .
We define the backward extension of the semidynamical system T (t) by
for each t 0. 
We observe that T usually cannot be concatenated with T to form a "natural" topological extension of the semidynamical system T on Ξ to give a dynamical system on 2 Ξ . To see this, we first define T (t)K := σ ∈K T (t)σ for each t 0 and K ∈ 2 Ξ . Secondly, we notice that, in general,
with a possible strict set inclusion, since there may exist points σ ∈ Ξ with σ = σ for which T (t)σ = T (t)σ . More specifically, we have T (t)T (−s −t)σ = T (−s)σ and T (−s −t)T (t)σ ⊃ T (−s)σ for s, t 0, with a possible strict set inclusion. Definition 3.3. A family of mappings P σ (t, τ ) : X → 2 X , t τ, τ ∈ R, is called a general multivalued process (GMVP in short) with σ ∈ Ξ if it satisfies: 
Case 3. s 0, τ 0. In view of (1.2), we easily see that
The proof is complete. 2 Theorem 3.5. Assume that the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is jointly norm-to-weak upper-semicontinuous on X × Σ, and that T (t)σ is a nonempty compact subset of Ξ for each t < 0 and σ ∈ Ξ . Then the GMVP {P σ (t, τ )} with σ ∈ Ξ is norm-to-weak upper-semicontinuous on X, i.e., for any fixed t τ , τ ∈ R, if x n → x in X, then for any y n ∈ P σ (t, τ )x n , there exist a subsequence y n k of y n and a y ∈ P σ (t, τ )x, such that y n k y (weak convergence).
Proof. The conclusion can be easily obtained by assumption, thus the detailed arguments are omitted here. 2 Remark 3.6. A simple and important case is that the semigroup {T (t)} satisfies the backward uniqueness property, i.e., if T (t)σ = T (t)σ for some t 0 implies that σ = σ . In such a situation, T (t)σ is a singleton for each t < 0.
Remark 3.7.
If Ξ is an attractor of the semigroup {T (t)}, then the compactness of Ξ and the closed property of T (t)σ implies that T (t)σ is compact for each t < 0.
Proof. Two cases may occur.
Case 2. τ < 0, τ + h 0. In the similar way, we can conclude that
The proof of Theorem 3.8 is finished. 2 Remark 3.9. It is worth noticing that, in general, the general multi-valued processes defined in (1.2) do not satisfy the translation identity as in (1.1). However, if the semigroup {T (t)} satisfies the backward uniqueness property, then the translation identity holds true.
Kernel sections of general multi-valued processes
In this section, we give the sufficient conditions for the existence of kernel sections (which are all compact, invariant and pullback attracting) of an infinite-dimensional general multi-valued process, using the Kuratowski measure of noncompactness.
Let {U σ (t, τ ) | t τ, τ ∈ R + }, σ ∈ Σ, be a family of multi-valued semiprocesses on X and let {T (h) | h ∈ R + } be a continuous invariant semigroup on a set Ξ ⊂ Σ . As above, for each σ ∈ Ξ , we can construct a general multi-valued process {P σ (t, τ ) | t τ, τ ∈ R}. Let K σ be the kernel of the GMVP {P σ (t, τ )}. The kernel K σ consists of all bounded complete trajectories of the general multi-valued process {P σ (t, τ )}, i.e.,
As usual, K σ (s) denotes the kernel section at a time moment s ∈ R:
Evidently, the following assertion holds:
Definition 4.2. Let {P σ (t, τ )} be a general multi-valued process on X with σ ∈ Ξ . For every nonempty subset B of X and any t ∈ R, the pullback ω-limit set ω t,σ (B) defined by 
Theorem 4.3. Let X be a Banach space and let
for all t τ and all τ ∈ R) and pullback attract every bounded set B ⊂ X, i.e., for any fixed t ∈ R,
Proof. Since the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact and V is bounded, for any ε > 0, there exists a t ε = t ε (V, ε) > 0 independent of σ ∈ Σ such that
By Lemma 2.12, we have
Thanks to property (5) in Lemma 2.10, noticing that the set t t n σ ∈Σ U σ (t, 0)V WS is closed in X, we know that
and the closed property of the set
is compact. Observing that V is a uniformly absorbing set, therefore there exists aτ =τ (V) ∈ R + independent of σ ∈ Σ, such that
It follows from (4.2) and (4.3) that
Let us show that
where K σ (t) is the section of the kernel K σ of the GMVP {P σ (t, τ )} with σ ∈ Ξ at time t. We consider an arbitrary bounded complete trajectory u(s) of the GMVP {P σ (t, τ )}. Then, according
, s 0} is bounded in X. Then (4.1) implies that for s sufficiently large,
On the other hand, it follows from u(t − T ) ∈ V for all t ∈ R and all T ∈ R + that
Thus we have established that
To prove the reverse inclusion we need the following lemmas.
Proof. ⇐) According to the definition of weakly sequential closure, we know that if there exist sequences x n ∈ B, s n max{0, t}, s n → +∞ (n → ∞), σ n ∈ T (t − s n )σ , y n ∈ U σ n (s n , 0)x n such that y n y as n → ∞, then we can conclude that
which means that
. Then for any n ∈ N with n t, we have
It follows from the definition of weakly sequential closure that there exist sequences
Since the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact, we know that the weakly sequential closure 
i.e., we can find sequences
Proof. Let y ∈ A σ (t) := ω t,σ (V). By Lemma 4.4, there exist sequences
We observe that for n sufficiently large,
Hence there exists a sequencex n ∈ P σ (τ, t − s n )x n such that y n ∈ P σ (t, τ )x n . We need to prove that {x n } has a subsequence which converges in X. Note that for any ε > 0, there exists a t ε > 0 such that
and that there exists an N 0 such that τ + s n − t t ε for all n N 0 and
On the other hand,
n contains only finite number of elements, where N 0 is fixed such that τ + s n − t 0 as n N 0 . Using property (3) for the measure of noncompactness in Lemma 2.10, we have
Let ε → 0. We then derive that
This means that {x n } is relatively compact and thus there is a subsequence of {x n } such that x n → x as n → ∞ and by Lemma 4.4, we see that
Finally, by the norm-to-weak upper semicontinuity of the GMVP {P σ (t, τ )} (recall Theorem 3.5), we can conclude that there exists a subsequence y n k of y n ∈ P σ (t, τ )x n and a y ∈ P σ (t, τ )x such that
In view of (4.5), therefore
Proof. For any t τ and τ ∈ R, observing that
Therefore, {W σ (t)} t∈R is positively invariant. Let us prove the reverse. Assume that y ∈ W σ (t), then there exist an s ∈ R + and x ∈ V σ (t − s) such that y ∈ P σ (t, t − s)x. Two cases may occur.
Case 2. t − s < τ . In this case,
Therefore there exists an
Proof. Only the positive invariance needs to be verified. Let
. By Lemmas 4.5 and 4.6, we know that
We can conclude that for any t τ and τ ∈ R,
Thus writing τ = t − s, we have
The proof of the lemma is finished. 2
Now we are ready to complete the proof of Theorem 4.3. Using Lemma 4.7, let us show that A σ (t) ⊂ K σ (t) for all t ∈ R. Indeed, let u t be an arbitrary element of A σ (t). We shall construct a bounded complete trajectory u(s), s ∈ R, of the GMVP {P σ (s, t)} such that u(t) = u t . We take u(s) ∈ P σ (s, t)u t , where s t. Let us extend u(s) to s t. Lemma 4.7 implies that there exists u t−1 ∈ A σ (t − 1) such that u t ∈ P σ (t, t − 1)u t−1 . If we now take u(s) ∈ P σ (s, t − 1)u t−1 for s ∈ [t − 1, t], then we have u(s) ∈ A σ (s) ⊂ V for all s t − 1. Applying the above procedure several times we can construct u(s) ∈ A σ (s) ⊂ V for all s t − n, n ∈ N. Letting n → ∞, we obtain a bounded complete trajectory u(s), s ∈ R, of the GMVP {P σ (s, t)} such that u(s) ∈ A σ (s) ⊂ V for all s ∈ R and u(t) = u t . Therefore,
Finally, it suffices to prove that for every bounded set B ⊂ X and for each fixed t ∈ R,
Assume, otherwise, then there exist a bounded subset B 0 of X andt 0 ∈ R, such that
Thus there exist ε > 0 and sequences
We observe that V is a uniformly absorbing set, therefore it is easy to check that for n sufficiently large, σ ∈Σ U σ (s n , 0)B 0 and σ ∈Σ U σ (s n , 0)x n belong to V. As in the proof above, by the uniformly ω-limit compactness, we can verify that y n is relatively compact and possesses at least one cluster point y 0 . On the other hand, 
is larger than T {0,t} s T P σ (t, t − s)V, which is obtained by the usual method (see [9, 10, 12, 15, 17, 29, [32] [33] [34] , etc.). However, under the assumption that the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact, we can show that
Now we present the relation between the uniform flattening and the uniform ω-limit compactness of the family of MVSPs {U σ (t, τ )}, σ ∈ Σ . First, we need the following definition: Definition 4.9. A family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , on a Banach space X is said to be uniform flattening if for any fixed τ ∈ R + , any bounded set B ⊂ X and ε > 0, there exist τ 0 = τ 0 (B, ε) > 0 independent of σ ∈ Σ and a finite-dimensional subspace X 1 of X such that
where P : X → X 1 is the canonical projector. (
1) If the family of MVSPs
{U σ (t, τ )}, σ ∈ Σ is uniform flattening, then {U σ (t, τ )}, σ ∈ Σ , is also uniformly ω-limit compact. (2) Let X be a uniformly convex Banach space, in particular, X be a Hilbert space. Then {U σ (t, τ )}, σ ∈ Σ ,
is uniformly ω-limit compact if and only if {U σ (t, τ )}, σ ∈ Σ , is uniform flattening.
Proof.
(1) It follows from property (8) in Lemma 2.10, we can deduce that
Therefore, {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact.
(2) Let X be a uniformly convex Banach space and {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact. Then for each fixed τ ∈ R + , any bounded set B ⊂ X and ε > 0, there exist T 0 = T 0 (B, ε) > 0 independent of σ ∈ Σ and finite number of subsets A 1 , A 2 , . . . , A n with diameter less than ε 2 , such that
Let X 1 = span{x 1 , . . . , x n }. Since X is uniformly convex, there exists a projection P : X → X 1 , such that for any x ∈ X, x − Px = dist X (x, X 1 ). Hence In particular, let X = L p (D) with D is a bounded smooth domain in R n . We will give a efficient method to prove the existence of kernel sections in L p (D) .
The following lemma provides a method which can be used to verify that the family of MVSPs
From the definition of uniform ω-limit compactness of the family of MVSPs and the lemma above, we have the following result. 
Combining Theorem 4.3 and Corollary 4.13, we have the following result which can be used easily to prove the existence of kernel sections for some GMVP in L p (D). 
Then the kernel K σ of the general multi-valued process {P σ (t, τ ) | t τ, τ ∈ R} with σ ∈ Ξ is nonempty, the kernel sections 
(2) for any bounded set B ⊂ X and any uniformly absorbing set
where ω t,σ (V i ), i = 1, 2, is the pullback ω-limit set of the general multi-valued process A family of MVSPs {U σ (t, τ )}, σ ∈ Σ, is said to be uniformly asymptotically uppersemicompact in X if for any fixed τ ∈ R + and any bounded set B ⊂ X, any sequence y n ∈ U σ n (T n + τ, τ )B with σ n ∈ Σ and T n → +∞ (n → ∞) is precompact in X. The following theorem shows that uniformly ω-limit compactness equals to uniformly asymptotically upper semicompactness.
Analogous to the arguments in the proof of [32 Remark 4.18. Let X be a uniformly convex Banach space, in particular, X be a Hilbert space, and {U σ (t, τ )}, σ ∈ Σ, be a family of MVSPs on X. We can deduce from Theorems 4.10 and 4.17 that {U σ (t, τ )}, σ ∈ Σ , is uniformly asymptotically upper-semicompact if and only if {U σ (t, τ )}, σ ∈ Σ , is uniform flattening.
Uniform attractors and uniform forward attraction of kernel sections
In this section, we consider the structure of uniform attractors of a family of multi-valued semiprocesses and uniform forward attraction of the inflated kernel sections defined in (1.3) of a family of general multi-valued processes generated by the family of MVSPs. For this purpose, we first consider a (autonomous) multi-valued semidynamical system {F (t)} on X and present the necessary and sufficient conditions of the existence of global attractors for the MVSS {F (t)}.
Let K be the kernel of the MVSS {F (t)}. The kernel K consists of all bounded complete trajectories of the MVSS {F (t)}, i.e.,
As usual, K(s) denotes the kernel section at a time moment s ∈ R:
Obviously,
Definition 5.1. Let {F (t)} be a (autonomous) multi-valued semidynamical system on X. For any subset B of X, the ω-limit set ω(B) defined by 
The proof of Theorem 5.2 is similar to the one of Theorem 4.3, and the arguments here are easier than those in the proof of Theorem 4.3, so they are omitted. 
Then the following statements are equivalent:
(1) There is a compact attracting set Θ for {F (t)}. 
Proof. Thanks to Corollary 5.3, we only need to prove (1) ⇒ (3). Analogous to the proof of Theorem 4.3, we can check that A = ω s (Θ) is compact and invariant. Let us show that
A attracts all bounded subset B of X. Clearly, ω s (Θ) attracts Θ, i.e., for any ε 0, there exists a τ 1 > 0 such that
Since F (τ 1 )x is upper-semicontinuous in x, there exists a δ > 0 such that for any y ∈ N (x, δ),
Noticing that compact set Θ attracts any bounded set B ⊂ X, hence there exists a T 1 > 0 such that
Combining (5.2) and (5.3) together, we can deduce that
It follows from (5.1) and (5.4) that
We have completed the proof of Theorem 5.4. 2 Definition 5.5. Let {U σ (t, τ ) | t τ, τ ∈ R + }, σ ∈ Σ , be a family of multi-valued semiprocesses on X. For every nonempty subset B of X and any τ ∈ R + , the uniform ω-limit set ω τ,Σ (B) defined by
Remark 5.6. y ∈ ω τ,Σ (B) ⇔ there exist sequences x n ∈ B, t n ∈ R + , t n → +∞ (n → ∞), σ n ∈ Σ, y n ∈ U σ n (t n + τ, τ )x n , such that y n y as n → ∞.
Now we recapitulate the following result which will be used in the proof of Theorem 5.10; see [5] for more details.
Theorem 5.7. Let {U σ (t, τ )}, σ ∈ Σ , be a family of multi-valued semiprocesses on X satisfying the translation identity (1.1). Then the following statements are equivalent:
(1) There is a compact uniformly attracting set for the family of MVSPs {U σ (t, τ )}, σ ∈ Σ . (2) {U σ (t, τ )}, σ ∈ Σ, is uniformly dissipative, i.e., for any fixed τ ∈ R + , there exists a bounded subset V of X so that for any bounded set B ⊂ X, there existsτ =τ (B) ∈ R + independent of σ ∈ Σ , such that
and {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact. (3) {U σ (t, τ )}, σ ∈ Σ , has a unique uniform attractor μ = ω 0,Σ (V) = ω τ,Σ (V) for any τ ∈ R + .
Remark 5.8. It is worth noticing that
(1) in [5] , authors present the sufficient conditions of the existence of uniform attractors for the family of MVSPs {U σ (t, τ )}, σ ∈ Σ, here we clarify that it is also necessary; (2) it follows from the conclusion (3) in Theorem 5.7 that
it seems to be larger than T 0 t T σ ∈Σ U σ (t + τ, τ )V as in [5] , however, under the assumption that the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact, we can prove that
As a direct result of Theorem 5.7, we have:
Corollary 5.9. Let {U σ (t, τ )}, σ ∈ Σ , be a family of multi-valued semiprocesses on X satisfying the translation identity (1.1), and let {T (h)} be a continuous invariant semigroup on a subset Ξ of Σ. Then we can construct a family of general multi-valued processes {P σ (t, τ )}, σ ∈ Ξ , and the following statements are equivalent:
(1) There is a compact uniformly attracting set for the family of GMVPs {P σ (t, τ )}, σ ∈ Ξ .
(2) {U σ (t, τ )}, σ ∈ Σ , is uniformly dissipative, i.e., for any fixed τ ∈ R + , there exists a bounded subset V of X so that for any bounded set B ⊂ X, there existsτ =τ (B) ∈ R + independent of σ ∈ Σ, such that
and {U σ (t, τ )}, σ ∈ Σ , is uniformly ω-limit compact.
where the uniform ω-limit set ω τ,Ξ (V) defined by
In particular, we recall the concept of the multi-valued skew product flow which will be applied in the proof of Theorem 5.10. The family of multi-valued mappings {F (t)} t 0 acting on the extended space Y = X × Σ defined by
forms an autonomous multi-valued semidynamical system on Y over R + , which is called multivalued skew product flow associated with the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , and the semigroup {T (t)}.
Theorem 5.10. Let a family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , acting on X be uniformly dissipative, uniformly ω-limit compact, jointly norm-to-weak upper-semicontinuous on X × Σ, and satisfy translation identity (1.1). Also let Σ be a bounded Banach space and let ω(Σ) be an attractor of semigroup {T (t)}. Then we can construct a family of general multivalued processes {P σ (t, τ )}, σ ∈ ω(Σ) (see Theorem 3.4) and the multi-valued semidynamical system {F (t)} corresponding to the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ , and acting on X × Σ (see Theorem 5.2) possesses a unique compact attractor A which is strictly invariant with respect to {F (t)}: F (t)A =
A for all t 0. Furthermore,
t. σ ∈ Σ ) attractor of the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ ; (2) Π 2 A = ω(Σ) is the attractor of the semigroup {T (t)} acting on Σ : T (t)ω(Σ) = ω(Σ) for all t 0; (3) the global attractor satisfies
(5.6) (4) the uniform attractor satisfies
(5) for any fixed ε 0 > 0, the family of inflated kernel sections {K 3) uniformly (w.r.t. σ ∈ ω(Σ) ) pullback (respectively forward) attracts each bounded subset B of X, i.e., for any ε > 0, there is a
Here K σ (0) is the section at t = 0 of the kernel K σ of the GMVP {P σ (t, τ )} with σ ∈ ω(Σ).
Proof. Write Y = X × Σ and endow Y with the norm · Y defined by
is a Banach space. Now we consider the multi-valued semidynamical system {F (t)} on Y over R + defined by
Then F (t) is well defined on Y and due to the jointly norm-to-weak upper semicontinuity of U σ (t, τ )x in (x, σ ) and the continuity of T (t)σ in σ , we see that F (t)(x, σ ) is norm-to-weak upper-semicontinuous in (x, σ ) for any fixed t ∈ R + . Since the family of MVSPs {U σ (t, τ )}, σ ∈ Σ , is uniformly dissipative, there exists a bounded subset V of X so that for any bounded set B ⊂ X, one can find aτ > 0 independent of σ ∈ Σ , such that
It follows that U := V × Σ is a bounded absorbing set of F (t), i.e., F (t)K ⊂ U for t sufficiently large for each bounded subset K of Y. The uniform ω-limit compactness of the family of MVSPs
implies that {F (t)} is ω-limit compact (recall that T (t) has a attractor ω(Σ)).
Thus, according to Theorem 5.2, the multi-valued semidynamical system {F (t)} has a unique global attractor A = ω(V × Σ) which is compact and invariant. Obviously,
Hence (2) is proved. Consider the nonempty compact sets
We have:
Lemma 5.11. { A σ (0)} σ ∈ω(Σ) are positively and accumulatively invariant.
Proof. By the invariance of the attractor A, i.e., F (t)A = A for all t 0, we have
which implies that
To obtain the opposite inclusion, let x ∈ A σ (0), i.e., (x, σ ) ∈ A. Fix t 0. It follows from the invariance F (t)A = A for all t 0 that there exists (y, σ ) ∈ A with y ∈ A σ (0) such that (x, σ ) ∈ F (t)(y, σ ). This means that T (t)σ = σ and x ∈ U σ (t, 0)y. Thus σ ∈ T (−t)σ . Taking the union over all x ∈ A σ (0), we have
A σ (0) ⊂ σ ∈T (−t)σ U σ (t, 0) A σ (0).
So,
i.e., accumulatively invariance holds true. 2
Proof. First, let us prove that A σ (0) ⊂ A σ (0). Noticing that
, ∀σ ∈ ω(Σ), t 0, and
Therefore for all t ∈ R + ,
As for the converse, observing that
On the other hand, we easily verify that
Combining (5.10) and (5.11) together, hence we have A σ (0) × {σ } ⊂ A, which implies that
In conclusion, we have
Invoking Theorem 4.3, we know that
and (3) is proved. Now let us show that Π 1 A = A Σ is the uniform attractor of the family of MVSPs {U σ (t, τ )}, σ ∈ Σ . We see that Π 1 A = A Σ is compact because of the compactness of A. Let us verify that A Σ is a uniformly attracting set. Let B be a bounded subset of X. Since A attracts B × Σ under {F (t)}, 
By (5.13), we find that
Let us verify the minimality property. We shall establish the inclusion
is a uniform attractor of the family of MVSPs {U σ (t, τ )}, σ ∈ Σ (recall Theorem 5.7). Indeed, the set V × Σ is a absorbing set of the MVSS {F (t)}. Then by Theorem 5.2, we have
It follows from Remark 5.6 and (5.14) that y ∈ ω 0,Σ (V), i.e.,
is the uniform attractor of the family of MVSPs {U σ (t, τ )}, σ ∈ Σ . We have proved (1) and (4). Let ε 0 > 0. Now we remain to show that for any bounded subset B of X and ε > 0 (we can assume that ε < ε 0 ), there is a
Now for each T (t)σ , we divide A into two parts:
So, by (5.15) and (5.16), we necessarily have
Thus, in particular, there exists a point v :
T (t)σ (0). From this and (5.17) it follows that
and hence that
Observing that u ∈ B, σ ∈ ω(Σ), t T 1 and x ∈ U σ (t, 0)u are otherwise arbitrary, we obtain
In view of (1.2), we have
It follows from (5.18) that
By (1.2), we can deduce that P σ (0, −t) = σ ∈T (−t)σ U σ (t, 0) and
The proof of Theorem 5.10 is complete. 2 Theorem 5.13. In addition to the hypotheses in Theorem 5.10, assume that U σ (t, τ )x is uppersemicontinuous in σ and x for fixed t τ , τ ∈ R + , i.e., if x n → x in X and σ n → σ in Σ , then for any y n ∈ U σ n (t, τ )x n , there exists a y ∈ U σ (t, τ )x such that y n → y as n → ∞. Then we can define a family of general multi-valued processes {P σ (t, τ )}, σ ∈ ω(Σ), and the multivalued semidynamical system {F (t)} corresponding to the family of multi-valued semiprocesses {U σ (t, τ )}, σ ∈ Σ, and acting on X × Σ possesses a unique compact attractor A which is strictly invariant with respect to {F (t)}: F (t)A = A for all t 0. Furthermore,
(4) the uniform attractor satisfies
Here K σ (0) is the section at t = 0 of the kernel K σ of the GMVP {P σ (t, τ )} with σ ∈ ω(Σ) and A ω(Σ) is the uniform attractor of the family of general multi-valued processes
Proof. It only remains to show that A Σ = A ω(Σ) . Consider the MVSS { F (t)} corresponding to the family of GMVPs {P σ (t, τ )}, σ ∈ ω(Σ), acting on X × ω(Σ) by formula
Evidently, the MVSS { F (t)} and {F (t)} coincide on X × ω(Σ).
Analogous to the proof of (1), in view of Theorem 3.8, we can show that the MVSS { F (t)} possesses an attractor A and where A ω(Σ) is the uniform attractor of the family of GMVPs {P σ (t, τ )}, σ ∈ ω(Σ). Note that Π 1 A = A Σ is the uniform attractor of the family of MVSPs {U σ (t, τ )}, σ ∈ Σ . We only need to prove that A = A. It is easy to check that A Σ is a compact uniformly (w.r.t. σ ∈ ω(Σ)) attracting set of the family of GMVPs {P σ (t, τ )}, σ ∈ ω(Σ). Hence, the set A Σ × ω(Σ) is also a compact attracting set of MVSS { F (t)}. This set is a compact attracting set of MVSS {F (t)}, because ω(Σ) is the attractor of {T (t)} on Σ . Observing that {F (t)} coincides with { F (t)} on X × ω(Σ). Therefore the ω-limit sets ω s ( 
Proof. K σ (0) is uniformly continuous in σ ∈ ω(Σ) with respect to the Hausdorff distance (note that ω(Σ) is compact). The conclusion follows immediately from this and conclusion (5) in Theorem 5.10. 2 Remark 5.17. A simple and interesting case is that K σ (0) is a singleton for each σ ∈ ω(Σ). In such a situation, the upper semicontinuity of K σ (0) (see Theorem 5.15) reduces to continuity.
Mixed wave systems with supercritical exponent and ordinary differential equations
For illustrating our abstract theory developed in Sections 4 and 5, in this section we investigate mixed wave systems with supercritical exponent and ordinary differential equations.
We consider the system
where D is a smooth bounded domain in R 3 .
We assume that for some bounded interval I 0 ⊂ R, the nonlinear term h and f (v, s) ∈ C(R × I 0 ) satisfy the following conditions:
We assume that g ∈ C(R) satisfies the local Lipschitz condition It is easy to show that under conditions (L) and (P), problem (6.3) generates a continuous semi-
Thus, by basic results in the theory of dynamical systems (see [12, 17, 26, 29] , etc.), the semigroup T (t) on Σ has a unique attractor ω(Σ). We now introduce several notations. Denote by k X (A) the Kuratowski measure of noncompactness of A in the sense of the norm of X. Let H = L 2 (D) and V = H 1 0 (D). The inner products and norms of H and V are denoted by (·,·), | · | 2 and ((·,·) 
Note that condition (H 3 ) implies that 
It follows from (H 1 ) and (H 3 ) that h(v)v 0 for all v ∈ R, and
hence, by Young's inequality,
where v = u t + αu.
Proof. Let α is a positive number which will be fixed later and let v = u t + αu. Taking the scalar product in H of (6.1) and v we obtain 1 2
Using Young's inequality and (6.5), we have
Noticing that
, and (6.11)
It follows from Young's inequality that
. (6.14)
Combining (6.8)-(6.14) together, we have We observe that if we take α and α 0 sufficiently small, then by (F 2 ), we obtain 
Thus by Gronwall's lemma, we can deduce that for any t τ ,
The proof of the lemma is completed. 2
Theorem 6.2. [12] Assume that h satisfies (H
1 )-(H 3 ), f ∈ C(R × Σ) satisfies (F 1 )-(F 3 ), g ∈ C(R) satisfies (L) and (P), J ∈ C(Σ; H ), (u 0 , u 1 ) ∈ E and y 0 ∈ Σ . Then system (6.1)- (6.3
) has a weak solution (u(t), y(t)), and u(t) satisfies
In addition, by the similar arguments in [12] , we can define a family of multi-valued mappings U y 0 (t, τ ) : E → 2 E , t τ , τ ∈ R + , with y 0 ∈ Σ by setting U y 0 (t, τ )(u 0 , u 1 ) = {(u(t), u t (t)) | u(·) is a weak solution of system (6.1), (6.2) , where y(t) = T (t)y 0 is the solution of (6.3)}.
It is easy to verify that properties (1), (2) in Definition 2.6 hold true. Let us check that U y 0 (t, τ )(u 0 , u 1 ) with y 0 ∈ Σ and (u 0 , u 1 ) ∈ E is jointly norm-to-weak upper-semicontinuous in y 0 and (u 0 , u 1 ) for any fixed t τ, τ ∈ R + . Let (u n0 , u n1 ) → (u 0 , u 1 ) in E and y n0 → y 0 in Σ . It remains to show that for any fixed t τ , τ ∈ R + , and any (u n (t), u n (t)) ∈ U y n0 (t, τ )(u n0 , u n1 ), there exists a (u(t), u (t)) ∈ U y 0 (t, τ )(u 0 , u 1 ) such that (u n (t), u n (t)) (u(t), u (t)) in E. Similarly to the proof of the existence of weak solutions (see [12] for details), in view of Lemma 6.1, the jointly norm-to-weak upper semicontinuity can be obtained and thus the detailed arguments are omitted here. Hence, the family of multi-valued mappings {U y 0 (t, τ )}, y 0 ∈ Σ, forms a family of multi-valued semiprocesses on E satisfying jointly norm-to-weak upper semicontinuity. What is more, we easily see that the family of MVSPs {U y 0 (t, τ )}, y 0 ∈ Σ , satisfies the translation identity (1.1). 
where C 28 is independent of ε and T 4 , and U 1
is the projector.
Proof. We can conclude from (6.7) and (F 2 ) that the family of MVSPs {U y 0 (t, τ )}, y 0 ∈ Σ, has a uniformly absorbing set B 1 in E, i.e., for any fixed τ ∈ R + and any bounded set B ⊂ E, there is a t 0 > 0 independent of y 0 ∈ Σ such that
Thus the family of MVSPs {U y 0 (t, τ )}, y 0 ∈ Σ , is uniformly dissipative in E.
where 
We easily see that (6.1) is equivalent to the following equation:
where α 1 < α is a positive constant which will be fixed later, (u − M 2 ) + denotes the positive part of u − M 2 , that is,
We will deal with each term of (6.29) one by one as follows. First, from (6.25) and (6.26), we have
Secondly, by Young's inequality, (6.5) and (6.27),
Using Young's inequality and (6.26), we obtain
In the sequel, we deal with the residual four terms:
, (L) and (6.26), (6.27), we have
F u, y(s) + α 1 C 9 ε, and
Hence,
F u, y(s)
At the same time, from (6.24)-(6.26), we get 
Similar to (6.16) and (6.17), if we take η > 0, η 1 > 0, α 1 > 0 and α 0 > 0 sufficiently small, in view of (F 2 ) and (6.27), then we have
Therefore,
(6.38)
Two cases may occur.
Thus, we can conclude from (6.38) that
Case 2. C 8 > 4. It follows from (F 2 ) and (6.27) that
By (6.38) and (6.40), we get
4 , α 1 }. Then (6.39) and (6.41) mean that
Taking account of Gronwall's lemma, (F 1 ), (F 2 ) and (6.25), we can conclude that We borrow some techniques from [16, 28] to obtain the following lemmas. Recall that
compactly for any 1 < m < ∞, 1 s < 6. where B 1 is a uniformly absorbing set such that U y 0 (t 0 + t + τ, τ )B ⊂ B 1 for all t 0 and all y 0 ∈ Σ. Thus we can find a finite ε-covering for any set y 0 ∈Σ U y 0 (t + τ, τ )B for all t t 5 + t 0 and all y 0 ∈ Σ . The conclusion follows immediately from Lemma 6.4 and the definition of the noncompactness measure. 2 Remark 6.8. It is worth noticing that we need p < 6 only in the proof of Lemma 6.5, however, the conclusions in other lemmas also hold for p = 6. It is quite natural to ask whether we can obtain the following theorem under p 6, this is rather a problem which deserves to be further clarified, and it is still undergoing investigations. The results in this direction can be expected to be reported in forthcoming papers. Here K y 0 (0) is the section at t = 0 of the kernel K y 0 of the GMVP {P y 0 (t, τ )} with y 0 ∈ ω(Σ).
